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The one-loop correction to the spectrum of Kaluza-Klein system for the φ3 model on
R1,d × (T 2θ )
L is evaluated in the high temperature limit, where the 1 + d dimensions are the
ordinary flat Minkowski spacetimes and the L extra two-dimensional tori are chosen to be the
noncommutative torus with noncommutativity θ. The corrections to the Kaluza-Klein mass
formula are evaluated and used to compute the Casimir energy with the help of the Schwinger
perturbative formula in the zeta-function regularization method. The results show that the
one-loop Casimir energy is independent of the radius of torus if L = 1. However, when
L > 1 the Casimir energy could give repulsive force to stabilize the extra noncommutative
torus if d−L is a non-negative even integral. This therefore suggests a possible stabilization
mechanism of extra radius in high temperature, when the extra spaces are noncommutative.
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1 Introduction
The Casimir effect originally suggested in 1948 [1,2] is regarded as the contribution of a
non-trivial geometry on the vacuum fluctuation of quantum electromagnetic fields. The
corresponding change in the vacuum energy can produce a vacuum pressure to attract the
two perfectly conducting parallel plates. This attractive force is experimentally confirmed
by Sparnaay in 1958 and recently more precise measurement have been provided [3].
Appelquist and Chodos [4] in 1983 suggested that the vacuum fluctuation of higher
dimensional gravitational field may contribute an attractive Casimir force to push the size
of the extra spaces in the Kaluza-Klein unified theory [5] to the Planck scale. Near the
Planck scale, it is generally believed that the nonperturbative quantum gravity can stabilize
the size of the extra spaces [5]. The superstring theory, as an only candidate of unified
theory including the quantum gravity, is also a higher dimensional theory [6]. Therefore it is
reasonable to conjecture that the string theory could itself provide a mechanism to stabilize
the extra compact space therein.
In recent investigations, an available scale which may be used to stabilize the extra com-
pact is the noncommutativity θij revealed in the string/M theories [7-9]. Initially, Connes,
Douglas and Schwarz [7] had shown that the supersymmetric gauge theory on noncommu-
tative torus is naturally related to the compactification of Matrix theory [9]. More recently,
it is known that the dynamics of a D-brane [10] in the presence of a B-field can, in certain
limits, be described by the noncommutative field theories [8].
Historically, it is a hope that, introducing a parameter to deform the geometry in the
small spacetime would be possible to cure the quantum-field divergences, especially in the
gravity theory [11]. The later works [12], however, proved that the noncommutative field
theory exhibits the same divergence as the commutative one. But the field theory with
noncommutativity could show some interesting properties and still deserves furthermore
investigated.
A distinct characteristic of the noncommutative field theories, found by Minwalla, Raams-
donk and Seiberg [12], is the mixing of ultraviolet (UV) and infrared (IR) divergences remi-
niscent of the UV/IR connection of the string theory. In a recent paper [13] we also found
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that the noncommutativity does not affect one-loop effective potential of the scalar field
theory. However, it can become dominant in the two-loop level and have an inclination to
induce the spontaneously symmetry breaking if it is not broken in the tree level, and have
an inclination to restore the symmetry breaking if it has been broken in the tree level.
In the paper [14] Nam used the Kaluza-Klein mass formula, which was evaluated by
Gomis, Mehen and Wise [15], to compute the one loop Casimir energy of an interacting
scalar field in a compact noncommutative space of R1,d × T 2θ , where 1 + d dimensions are
the ordinary flat Minkowski space and the extra two dimensions are noncommutative torus
with noncommutativity θ. It is the first literature which tries to use the noncommutativity
as a minimum scale to protect the collapse of the extra spaces.
In the paper [16] we followed the method of [15] to evaluate the one-loop correction to
the spectrum of Kaluza-Klein system for the φ3 model on R1,d × (T 2θ )
L, where the extra
dimensions are the L two-dimensional noncommutative tori . We used the correct Kaluza-
Klein mass spectrum [16] to compute the Casimir energy. It then shows that when L > 1 the
Casimir energy due to the noncommutativity could give repulsive force to stabilize the extra
noncommutative tori in the cases of d = 4n − 2, with n a positive integral. This therefore
suggests a possible stabilization mechanism for a scenario in superstring theory, where some
of the extra dimensions are noncommutative.
In this paper we will investigate the previous problem, while in the non-zero temperature.
Note that the Casimir energy for the system in ordinary commutative spacetime is always
found to attract the two perfectly conducting parallel plates for all temperature [1,2]. So, it
is interesting to see how the noncommutativity will affect the behaviors of finite-temperature
Casimir energy.
Note also that the Casimir effect is null in the supersymmetry system, as the contribu-
tion from boson field is just canceled by that from fermion field [17]. The no-go theorem
of supersymmetry breaking [17] tells us that the supersymmetry could not be radiatively
broken, even if the gauge symmetry has been broken in the tree level [18]. However, some
mechanisms shall be proposed to break the supersymmetry in superstring theory to describe
the physical phenomena [6,17]. Thus the remaining non-zero Casimir effect may be used
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to render the compact space stable. An interesting mechanism which could break the su-
persymmetry is the temperature effect [19], a natural consequence of different statistics for
bosons and fermions. This is the scenario in the early epoch of the universe and is related
to the present paper.
In section II, we extend the works of Gomis, Mehen and Wise [15] to the non-zero
temperature. We evaluate the one-loop correction to the spectrum of Kaluza-Klein system
in the high temperature limit. The correction to the Kaluza-Klein mass formula has the
additional term which resembles that of the winding states in the string theory [20], likes as
the property found in the zero temperature system [15]. In section III, the obtained spectrum
is used to compute the Casimir energy with the help of the Schwinger perturbative formula
in the zeta-function regularization method [21]. The result is used to analyze the effect of
the high-temperature Casimir energy on the radius stabilization. We find that the one-loop
Casimir energy is independent of the radius of torus if L = 1. So, in this case, there is
no repulsive force and we have to consider the Casimir energy to the higher order, which is
beyond the scope of this paper. However, when L > 1 the Casimir energy could give repulsive
force to stabilize the extra noncommutative torus if d − L is a non-negative even integral.
This therefore suggests a possible stabilization mechanism for a high-temperature scenario
in the Kaluza-Klein theory, where some of the extra dimensions are noncommutative. The
conclusion is presented in the last section.
2 Kaluza-Klein Spectrum for φ3 on R1,d× (T 2θ )
L : Finite
Temperature
2.1 Model
It is known that the algebra of functions on a noncommutative spacetime can be viewed as
an algebra of ordinary functions on the usual spacetime with the product deformed to non-
commutative Moyal product [12]. Therefore, the scalar φ3 theory in R1,d × (T 2θ )
L spacetime
can be described by the following action:
4
S =
∫
d1+dx d2Ly
(
1
2
(∂φ)2 −
1
2
m2φ2 −
λ
3!
φ ⋆ φ ⋆ φ
)
, (2.1)
in which the ⋆ operator is the Moyal product generally defined by [12]
f(x) ⋆ g(x) = e+
i
2
θµν ∂
∂yµ
∂
∂zν f(y)g(z)|y,z→x. (2.2)
where θµν is a real, antisymmetric matrix which represents the noncommutativity of the
spacetime, i.e., [xµ, xν ] = iθµν . In Eq.(2.1) the coordinates x0, x1, ..., xd represent the com-
mutative four dimensional Minkowski spacetime. The 2L extra dimensions are taken to be
the L noncommutative 2-tori T 2θ whose noncommutative coordinates are described by
[y1, y2] = [y3, y4] = ... = [y2L−1, y2L] = iθ. (2.3)
When L = 1, this coordinate can be realized in string theory by wrapping a five-brane
on a two-torus T 2 with a constant B-field along the torus. The low energy effective four
dimensional theory resulting from compactification on a noncommutative space is local and
Lorentz invariant, hence it can be relevant phenomenologically [15].
2.2 One-Loop Calculation
At zero temperature, the momentum in the 1 + d Minkowski spacetime, denoted as p, is a
continuous variable. However, the momenta along the tori are quantized as ~k → ~k/R, where
~k = (k1..., k2L) are the integrals. Therefore, using the Feynman rule [15], which includes
the propagator i∆(p, ~n) =
i(1−δ~n,0)
p2−~n2−m2
for the field with momentum (p, ~n), and vertex function
V (~k, ~n, ~m) = −iλ cos( θ
2R2
~n ∧ ~k)δ~k+~n+~m,0 for the three legs with incoming momenta
~k, ~n and
~m respectively, the one-loop contribution to the two point functions is
λ2
4
1
(2πR)2L
∑
~k
∫
d1+dl
(2π)1+d
cos2(θ ~n ∧ ~k/(2R2))(1− δ~k,0)(1− δ~n+~k,0)
(l2 − ~k2/R2 −m2)((l + p)2 − (~n+ ~k)2/R2 −m2)
=
λ2
4
1
(2πR)2L
∑
~k
∫
d1+dl
(2π)1+d
1− 2 δ~k,0 − 2δ~n+~k,0 + cos(θ ~n ∧
~k/R2)
(l2 − ~k2/R2 −m2)((l + p)2 − (~n+ ~k)2/R2 −m2)
. (2.4)
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in which ~n ∧ ~k ≡ (n1k2 − n2k1) + (n3k4 − n4k3)... + (n2L−1k2L − n2Lk2L−1). Note that
l denotes the loop momenta along the noncompact directions, while ~k is loop momenta
along compact directions. Similarly, p (~n) is the external momenta along the noncompact
(compact) direction. The derivation of Eq.(2.4) has used the half angle formula for the cosine
and the property that ~n ∧ ~n = 0, as detailed by Gomis, Mehen and Wise [15].
The first term, second term and third term in Eq.(2.4) are all divergent [15]. They
are irrelevant to our investigation and will not be discussed furthermore. The last term
contains a oscillatory factor cos(θ ~n∧ ~k/R2) which makes the non-planar correction term to
be ultraviolet finite [15].
Let us turn to the system at non-zero temperature. It is known that the divergences at
non-zero temperature are the same as those at zero temperature. Therefore, to find the one-
loop correction of the Kaluza-Klein spectrum at finite temperature we only need to evaluate
the last term in Eq.(2.4).
At temperature T (= 1/β) the non-planar correction to the one-loop self energy is the
last term in the Eq.(2.4) after substituting the continuous variable l0 by
2πl0
β
, where the new
variable l0 is an integral. Therefore the one-loop self energy is
Σ(p, ~n) =
λ2
4
1
(2πR)2L
1
β
∑
~k
∑
l0
∫
dd~l
(2π)d
×
cos(θ ~n ∧ ~k/R2)
[(2πl0
β
)2 −~l2 − ~k2/R2 −m2][(2π
β
(l0 + p0))2 − (~l + ~p)2 − (~n+ ~k)2/R2 −m2]
. (2.5)
To proceed, after introducing the Feynman parameter x we can perform the integration
over the momentum ~l, then expressing the result in terms of the Schwinger parameter α the
equation becomes
Σ(p, ~n) =
λ2
4
1
(2πR)2L
1
β
1
(4π)2/d
∑
~k
∑
l0
∫ 1
0
dx
∫ ∞
0
dαα1−d/2×
6
exp

−α

m2 + x(1− x)~p2 + ~k2 + x(2~k · ~n + ~n2)
R2
+
l20 + x(2l0p0 + p
2
0)
(1/2πβ)2



×
1
2
{
2L−1∏
i=1
exp[i
θ
R2
(niki+1 − ni+1ki)] +
2L−1∏
i=1
exp[−i
θ
R2
(niki+1 − ni+1ki)]
}
.
We can now perform the sum over ~k in the above equation by using the definition of the
Jacobi theta function
ϑ(ν, τ) =
∞∑
n=−∞
exp(πin2τ + 2iπnν). (2.6)
Then using the property of modular transformation [2,14]
ϑ(ν, τ) = (−iτ)−1/2 exp(−πiν2/τ)ϑ(ν/τ,−1/τ). (2.7)
we can express the result as
Σ(p, ~n) = −
λ2
4
1
(2πR)2L
1
β
1
(4π)2/d
∑
l0
∫ 1
0
dx
∫ ∞
0
dαα1−d/2 (
α
πR2
)−L(
β2
4πα
)1/2 ×
exp
{
−α{m2 + x(1 − x)[ (
βp0
2π
)2 + ~p2 +
~n2
R2
] } −
1
α
θ2~n2
4R2
}
exp
{
−
β2
4α
l20 + i2πxp0l0
}
×
2L−1∏
j=1
ϑ(xnj + i
nj+1
2α
, i
πR2
α
) ϑ(xnj+1 − i
nj
2α
, i
πR2
α
).
From the above equation we see that the ultraviolet divergent contribution comes from α→ 0
region. Thus the leading contribution will come from the region α → 0 [15] and we can set
ϑ = 1 in the above equation. The leading correction to the spectrum of Kaluza-Klein system
becomes
Σ(p, ~n) ≈ −
λ2
4
1
(4π)L+
d+1
2
∑
l0
∫ 1
0
dx
∫ ∞
0
dαα1−L−
1+d
2 exp
{
−
1
α
θ2~n2
4R2
}
exp
{
−
β2
4α
l20 + i2πxp0l0
}
= −
λ2
4
1
(4π)L+
d+1
2
∑
l0
∫ 1
0
dx
Γ(L+ d−3
2
)
[
β2l2
0
4
+ θ
2~n2
4R2
]L+
d−3
2
exp(i2πxp0l0). (2.8)
This is the main result of this section.
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2.3 Self Energy
Let us first examine the above result at zero temperature. In this case β →∞ and only the
mode l0 = 0 contribute the summation in Eq.(2.8). Thus we can easily find that
Σ(p, ~n) = −
λ2
64
Γ(L+ d−3
2
)
πL+
d+1
2
(
R2
θ2~n2
)L+ d−3
2
, if T = 0, (2.9)
which is that derived by us in [16] and reduces to that in [15] when L = 1 and d = 3.
From Eq.(2.8) we also see that if p0 6= 0 (note that both of p0 and l0 are integral) then
the integration over x will becomes zero unless l0 = 0. Thus we have another relation
Σ(p, ~n) = −λ2p
(
R2
θ2~n2
)L+ d−3
2
, λ2p ≡
λ2
64
Γ(L+ d−3
2
)
πL+
d+1
2
, if p0 6= 0, (2.10)
When p0 = 0 then, as β → 0 in the high-temperature limit, the summation over l0 in Eq.(2.8)
could be replaced by an integration. The result is
Σ(p, ~n) = −
λ20
β
(
R2
θ2~n2
)L+ d
2
−2
, λ20 ≡
λ2
64
Γ(L+ d
2
− 2)
πL+
d
2
, if T >> 1, p0 = 0. (2.11)
The relation (2.9) have been used to evaluated the zero-temperature Casimir energy in [16].
We will in next section use the relations (2.10) and (2.11) to evaluated the Casimir energy
in the high-temperature limit.
Note that from Eqs.(2.10) and (2.11) we see that when L+ d−3
2
= 1 in the case of p0 6= 0
or L+ d
2
− 2 = 1 in the case of p0 = 0, then the winding states like as those in the string
theory will appear [20]. The property had been found in the zero temperature system [15].
3 Casimir Energy at Finite Temperature
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3.1 Partition Function, Zeta Function and Casimir Energy
For the model (2.1) in thermal equilibrium at a finite temperature the partition Z for the
system can be evaluated from the relation [21]
lnZ = −
1
2
ζ ′H(0). (3.1)
in which the zeta function is defined by
ζH(ν) =
1
Γ(ν)
∫
dssν−1
∑
p0
∑
~n
∫
dd~p e−sH , (3.2)
where H = H0 +Σ(p, ~n), H0 = (
2πp0
β
)2 + ~p2 + ~n
2
R2
and Σ(p, ~n) is defined by (2.10) and (2.11).
The zeta function can be evaluated with the help of the Schwinger perturbative formula [20]
ζH(ν) = ζ0(ν) + ζ1(ν), (3.3)
in which
ζ0(ν) =
1
Γ(ν)
∫
ds sν−1
∑
p0
∑
~n
∫
dd~p e−sH0, (3.4)
ζ1(ν) =
1
Γ(ν)
∫
ds sν−1
∑
p0
∑
~n
∫
dd~p (−s Σ(p, ~n)) e−sH0. (3.5)
Using the usual formula [1,2]
E =
∂
∂β
lnZ. (3.6)
the Casimir energy is obtained.
3.2 Calculation of Zeta Function
Let us first evaluate the ζ0(ν). We can first perform the integration over the momentum ~p
and then the variable s. The result is
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ζ0(ν) =
1
Γ(ν)
∫
dssν−1
∑
p0
∑
~n
∫
dd~p exp
[
−s
(
(
2πp0
β
)2 + ~p2 +
~n2
R2
)]
= πd/2
Γ(ν − d
2
)
Γ(ν)
∑
p0
∑
~n
[
(
2πp0
β
)2 +
~n2
R2
]d/2−ν
≈ ν
[
22L+d+1π−1/2 β−2L−d Γ(
2L+ d+ 1
2
) ζ(2L+ d+ 1)
]
+O(ν2), (3.7)
where ζ(N) is the Riemann zeta function which is only divergent at N = 1. Note that to
obtain the final relation we have used the formula A(12) in Ref. [2] to take the summations
over p0 and ~n in the high-temperature limit. Substituting the above result into Eqs.(3.1) and
(3.6) we see that the zero-order Casimir force (i.e., without noncommutativity) is attractive
for arbitrary values of L and d.
To calculate ζ1(ν) we first consider that contributes from p0 = 0. From Eqs.(2.11) and
(3.5) we have
ζp0=01 (ν) =
1
Γ(ν)
∫ ∞
0
ds sν
∑
~n
∫
dd~p
λ20
β
(
R2
θ2~n2
)L+ d
2
−2
exp
[
−s(~p2 +
~n2
R2
)
]
,
= ν
[
1
β
λ20
(θ2)L−2+d/2
πd/2 Γ(1 + d/2) R2L−2
∑
~n
(
1
~n2
)L−1]
+O(ν2). (3.8)
Substituting the above result into Eqs.(3.1) and (3.6) we see that the contribution from
p0 = 0 in the first-order Casimir force is attractive for arbitrary value d if L > 1. When
L = 1 the Casimir energy is R independent and there is no Casimir force.
Let us turn to the contribution from p0 6= 0. We first from the Eqs.(2.10) and (3.5)
perform the integration over ~p. Then after introducing a variable x we can perform the
integration over the variable s and then the variable x. The result is
ζp0 6=01 (ν) =
λ2p
Γ(ν)
∫ ∞
0
ds sν
∑
~n
∑
p0 6=0
∫
dd~p
(
R2
θ2~n2
)L+ d−3
2
exp
[
−s
(
(
2πp0
β
)2 + ~p2 +
~n2
R2
)]
10
=
λ2pπ
d/2
Γ(ν)Γ(L+ d−3
2
)
∫ ∞
0
dxxL+
d−5
2
∫ ∞
0
ds sL+ν−3/2
∑
~n
∑
p0 6=0
λ2p
β
(
R2
θ2~n2
)L+ d−3
2
×
exp
[
−s
(
(
2πp0
β
)2 + x
~n2
R2
)]
= ν
[
λ2θ
1
Γ(L− d− 1/2)
β2−3d R2L−2
]
+O(ν2), (3.9)
where
λ2θ ≡
λ2
(θ2)L+
d−3
2
πL+5/2 23d−6 Γ(
3d− 1
2
) Γ(L+
d− 3
2
)
∑
~n
(
1
~n2
)2L+d−3
, (3.10)
is positive. Note that to obtain the above result we have use the reflation formula [2]
π−
z
2 Γ(
z
2
) ζ(z) = π−
1−z
2 Γ(
1− z
2
) ζ(1− z), (3.11)
to regularize the divergence in the original relation.
Substituting the above result into Eqs.(3.1) and (3.6) we see that the contribution from
p0 6= 0 in the first-order Casimir force may be attractive or repulsive, which depend on the
values of L and d. This is because that the Gamma function Γ(L − d − 1/2) in (3.9) can
become negative if d − L is a non-negative even integral. Not also that, as that in the case
of p0 = 0, when L = 1 the Casimir energy is R independent and there is no Casimir force.
3.3 Compactification Radius
Therefore, when L > 1 and d − L is a non-negative even integral, we can substituting
Eqs.(3.7), (3.8) and (3.9) into Eqs.(3.1) and (3.6) to find the Casimir energy. From the
Casimir energy we can find the Casimir force and find the compactification radius RT . In
the high-temperature limit we have the final result
RT =
[
−
(3d− 2)(L− 1)π1/2 λ2θ β
2L+2−2d
(2L+ d) 22L+d+2 Γ(2L+d+1
2
) Γ(L− d− 1/2)ζ(L+ d+ 1)
]1/(2L+2)
. (3.12)
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Thus we see that the Casimir energy could give repulsive force to stabilize the extra non-
commutative torus. This therefore suggests a possible stabilization mechanism for a high-
temperature scenario in the Kaluza-Klein theory, where some of the extra dimensions are
noncommutative.
4 Conclusion
The appearance of the parameter of noncommutativity in the context of string theory [8]
seems to be a good opportunity to provide a minimum scale to protect the collapse of the
extra spaces. This is because that the commutation relation [xµ, xν ] = iθµν leads to the
spacetime-time uncertain relation δxµδxν ≥ 1
2
θµν . However, the noncommutativity will in
general break the unitarity [21] and Lorentz invariant [8]. Therefore, in this paper we choose
the spacetime in which noncommutativity only shows in the extra space. The result theory
is unitary with the observable spaces which are Lorentz invariant, as that consider by Gomis,
Mehen and Wise in ref. [15], and could be relevant phenomenologically
The investigation of Casimir effect in the non-zero temperature is physically interesting,
as the temperature can break the supersymmetry and Casimir energy contribution of boson
field will not be canceled by that of the fermion field. The temperature in the early epoch
of the universe is very high and may relate to the present paper.
Our evaluations have shown that the Casimir force is attract if the extra spaces are
commutative. However, when the L extra two-dimensional tori become noncommutative,
then it could contribute a repulsive force to protect the collapse of the extra spaces. We
have found that the one-loop Casimir energy is independent of the radius of torus if L = 1.
So, in this case, there is no repulsive force and we have to consider the Casimir energy to
the higher order, which is beyond the scope of this paper. However, when L > 1 the Casimir
energy could give repulsive force to stabilize the extra noncommutative torus if d − L is a
non-negative even integral. We therefore have found a possible stabilization mechanism of
extra radius in high temperature, when the extra spaces are noncommutative.
Finally, we want to mention an interesting phenomena about our investigations. At zero
12
temperature, the previous work [16] found that when L > 1 then the Casimir energy due
to the noncommutativity could give repulsive force to stabilize the extra noncommutative
tori in the cases of d = 4n− 2, with n a positive integral. Comparing this with the present
work at finite temperatureone, we see that the noncommutative tori which will collapse at
zero temperature may, due to finite-temperature Casimir effect, have a finite stable radius
at high temperature. On the other hand, that having a stable radius at zero temperature
may collapse at high temperature. The behavior depends on the values of L and d. Such a
dramatic change, however, dose not show in the commutative space. Therefore, the spaces
which are noncommutative may have phase transition at a finite temperature. The transition
is due to the finite-temperature Casimir effect on a noncommutative geometry.
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